Necessary and sufficient conditions are established for the existence of a graph whose upper and lower domination, independence and irredundance numbers are six given positive integers. This result shows that the only relationships between these six parameters which hold for all graphs and which do not involve other graph theoretical parameters, are already known.
Introduction
In this paper N(x) (N[x]) will denote the open (closed) neighbourhood of the vertex x of a graph G. If XL V(G), then N [X] denotes the union of closed neighbourhoods of vertices in X, while the subgraph induced by X is denoted by G [X] .
A
set D c V(G) is a dominating set of G if N [D] = V(G).

A set I L V(G) is independent if G[J] has no edge. A set XE I'(G) is irredundant if for all XEX,
NCxl-NCX-{xjl#@.
For each of the above types of vertex subsets, we define upper and lower parameters as follows: The upper (lower) domination number T(G) (y(G)), independence number P(G) (i(G)) and irredundance number IR(G) (ir(G))
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are respectively the largest (smallest) cardinality of a minimal dominating, a maximal independent and a maximal irredundant set of vertices of G. The concepts of domination, independence and irredundance are intimately related. For example the following proposition indicates relationships between extremal sets of these types.
Proposition 1 (a) (Berge [4, p. 3091) . JfX is maximal independent, then X is minimal dominating.
(b) (Cockayne, Hedetniemi and Miller [lo] Due to the richness of mathematical theory, computational interest in parameter evaluation and the diverse practical applications of these concepts, there has been a vast amount of work published in this area recently. The starting points were the results of [3, 9, 10, 23] .
The reader is referred to [15, 18, 19] for extensive bibliographies (containing at least four hundred papers) concerning domination, independence and irredundance and some open problems. There is obviously too much literature to survey here but selected topics are highlighted in Section 5 in which we consider areas for further research work.
The above six parameters were the first to be defined and analysed and may be considered among the 'basic building blocks' of the theory of domination, independence and irredundance.
The mathematical complexity of the six quantities is amply illustrated by the fact that it is still an unsolved problem to determine precisely which graphs have all three lower (or upper) parameters equal. There are however various sufficient conditions for equality (see e.g. [ 1, 5, 8, 13, 20, 21, 24] . In this paper we complete the solution and establish necessary and sufficient conditions for a sequence to be a DII-sequence.
Necessary conditions
We now state simple necessary conditions for a sequence ml, m2, . . . , m6 to be a DII-sequence. It will be shown in the next two sections that these simple necessary conditions are also sufficient for a sequence to be a DII-sequence.
In order to do this, three classes of graphs are constructed in Section 3. These graphs are combined in various ways in Section 4 to obtain the desired result.
It is interesting to observe that our result shows that the only relationships between the six parameters which are true for all graphs and which do not involve other parameters (e.g. number of vertices, maximum/minimum degree) are given in Proposition 2.
Constructions
The first class of graphs F = F(a, b) to be constructed consists of graphs for which Fig. 2 ).
Proposition 4. For jixed integers c, d with 2 d c and 2c -1 <d, let H = H(c, d) he the graph constructed above. Then ir(H)=c, y(H)=Zc-1 and i(H)=...=IR(H)=d.
Proof. To prove that ir(H) = c, note firstly that C is irredundant in H. Moreover, C is maximal irredundant, for suppose X is an irredundant set of H with Cc X and XEX-C. Consequently,
If XEZ=uf=r
Case 2: RnC=@. Proof. If ml = 1, then by Proposition 2(b), m2 =m3 = 1 and Gr K, satisfies the requirements.
We therefore assume that ml 3 2 and remark that if m, =m2, then GgF (ml,m3) is suitable by 
Let M = VI u V, u V, and N = V3 u VS. Join the vertices of G in such a way that G[M]~K,,,+,,,G[~~uV,]~:~,+,,
and G[N]zK,,+,.. Add the edges {l'lj2ljj(j=l,..., S') and {u4jU5jlj=l,..., t'i to complete the construction of G (see r,s,t) )=r,
Proposition 5. Zf s' and t' arefixed integers with 2 <<s' < t', then the graph G = G(2, s', t')
T(G(r,s,t))=s
and IR(G(r,s,t))=t.
We have therefore proved the following theorem. 
A characterisation of the DII-sequence
In this final section we show how the graphs F(a, b), H(c,d) and G(r,s, t) are combined to prove that the conditions stated in Proposition 2 are also sufficient for a sequence to be a DII-sequence.
Let to every vertex in Yiu Y2u{~11,~12r~Z1) (respectively Y1uY2u{z11,z21,z22)). We are now ready to formulate and prove our main theorem. Proof. If m4 = 1, then Gg K, satisfies the requirements and we henceforth assume that m4 B 2. If m, = 1, then the graph obtained by joining a new vertex to every vertex of G (m4, m5, m6) satisfies the above conditions and we may therefore also assume that m, 22. There are two cases.
Case 1: m1=m2. Let mj=mi-m,, i=4,5,6. We prove that G=FG(mI,m3,m~,m~,m~) is a suitable graph provided that m4--m332. Similar arguments show that FG*(mI,m3,2,m;+ 1, mk+l) (FG# (ml, m3, 2, rn; + 2, rnk + 2) respectively) satisfies the requirements if m4-m3= 1 (m4=m3 respectively).
Recall that A={u,, . ,m3) ), G has no independent sets of cardinality greater than m,=mk+m,.
We conclude that P(G)=m,. Let G = HG(m;, WI;, mk, m;, mb). It follows from the proof of Proposition 4 and the construction of G that C = {KI 1, . . , w,,,; i ' is a maximal irredundant set of G, hence ir(G)<m', As in case 1, it can also be shown that ir(G) and consequently ir(Gui?~)=mr.
Furthermore, (C-(w,,,; 
Additional parameters
During the development of the theory of dominating, independent and irredundant sets, many other parameters in addition to the basic six have been defined and studied. For example, there is a large section of the theory which deals with fractional versions of the discrete parameters (see e.g. [I 2, 16,221). There are also at least two types of k-domination numbers whose definitions involve domination concepts which are dependent on a given positive integer k (see e.g. [6, 11, 141) . Finally, there are parameters concerning connected dominating sets 1171, total dominating sets [7] and efficient dominating sets [2] . These examples are by no means exhaustive.
Many relationships
among the members of this greatly extended parameter set have been established and hence the basic string of inequalities mentioned in Proposition 2(a) has been embedded in a much larger binary relation [16] . Thus the problem solved in this paper may also be embedded in a larger set of such existence problems.
Let M = c(, (G), . . , zt( G) be a sequence of graph-theoretic parameters. Which integral sequences ml, . . , m, are M-sequences, i.e. sequences for which there exists a graph G satsifying LX~( G) = m, for i = 1, . , t?
It is possible that our construction methods may shed some light on the problem of existence of the M-sequences. As far as we are aware the only other work concerning other dominating M-sequences apears in [1 11.
Restricted classes qf graphs
Another class of problems into which our methods might give some insight, may be defined as follows. Let P be some class of graphs, e.g. bipartite, chordal, planar, regular graphs, trees, etc. Which positive integral sequences are DII-sequences for some graph GEP?
Extremal problems
Finally, we feel it would be interesting to consider questions of the type: Find a graph G with the minimum number of edges (or smallest maximum degree etc.) such that a given integral sequence is a DII-sequence for G.
